We consider simultaneous dissipative and amplifying coupling of cavity fields to multiple two-state systems. We derive a master equation for optical field in a leaky cavity coupled to a reservoir through multiple two-state systems. In our previous works we have limited our study to systems where the reservoir either solely absorbs energy (detector setup) or adds energy (amplifying setup) to the cavity through a single two-state system. In this work we allow both interactions simultaneously and derive a reduced dynamic model for the optical field. We also generalize our model to cover the coupling of the field to several two state systems and discuss its connection to macroscopic interaction, e.g., in semiconductors. Our model includes four physical parameters: the field two-state system coupling γ , the excitation and deexcitation couplings of the two-state system by the reservoir λ A and λ D , respectively, and the mirror losses of the cavity C. We solve the steady-state fields at different regimes of these physical parameters. Furthermore, we show that, depending on the parameters, our model can describe the operation of a detector, a light emitting diode, or a laser.
I. INTRODUCTION
Dynamics of optical fields interacting with quantum devices like single photon detector or active material reveal interesting phenomena of quantum optics. The progress in experiments have given insight into the single photon creation and annihilation, the statistics of collapsed fields [1, 2] , and the correlation and coherence properties of the fields [3] [4] [5] .
We have previously studied a model where the optical field interacts with a two-state quantum system coupled to a reservoir [6, 7] . The reservoir acted merely as a dissipative energy drain or as an energy source. We obtained a reduced quantum jump superoperators (QJS) for the field by averaging out the two-state system [6] . Taking mirror losses into account and using the QJSs we investigated how the coupling parameters affect the statistics of the field.
In this work we generalize the model to include simultaneously the dissipative and amplifying couplings to the reservoir. In contrast to our previous work the simultaneous dissipation and energy injection leads to finite reservoir temperatures and to steady-state solutions of the cavity field that will not occur if only one of the interactions is considered. The mirror losses of the cavity are also taken into account. Furthermore, we show that our model can be applied in modeling the optical field that interacts with the reservoir through several two-state systems and compare the results given by our model with the emission and absorption rates in semiconductors.
We will first derive the reduced QJSs for the field interacting with the reservoir through a single two-state system. By numerical comparisons with the solution of the full field two-state system reservoir setup we show that our model can be generalized to setups with multiple two-state systems. Finally, we complete the model by adding mirror losses of the cavity and calculate steady-state properties of the field at different parameter regimes. Using the reduced model we * teppo.hayrynen@hut.fi show that depending on the parameters our setup can operate as a light-emitting diode (LED), a laser, or a detector. We also discuss the relation of the coupling constants to the reservoir temperature and speculate about extending our model to semiconductor devices.
II. REDUCED MASTER EQUATION OF A CAVITY FIELD COUPLED TO TWO-STATE SYSTEMS
Let γ describe the coupling of the field to a two-state system, λ D describe the relaxation rate of the excited state |e of the two-state system into the reservoir, and λ A describe excitation rate of the ground state |g of the two-state system by the reservoir. The density operatorρ tot describing both the field and N s two-state systems evolves according to the Lindblad master equation [8] 
where the Hamiltonian is the Jaynes-Cummings Hamiltonian
of two-state systems with eigenenergies ±hω 0 /2 coupled to a photon mode having frequency ω with additional terms ihλ D σ + σ − and ihλ A σ − σ + describing the reservoir couplings. Furthermore,â andâ † are the photon annihilation and creation operators, σ + = |e g|, σ − = |g e|, σ 0 = |e e| − |g g|, ω = ω 0 so exact resonance is assumed, and σ (6) 013801-1 ©2011 The American Physical Society the i th two-state system. In this model the energy adding event is the excitation of the two-state system by the reservoir. Correspondingly, the dissipation event is the relaxation of the two-state system releasing its energy into the reservoir. We have assumed that each two-state system has the same coupling constants λ A , λ D , and γ . First we set N s = 1 and calculate the dissipation and amplification rates and QJSs. Then we generalize the rates and the QJSs for the cases with N s > 1. In Ref. [6] we have calculated cases where the reservoir only absorbs energy (i.e., λ A = 0 and λ D > 0) and where the reservoir only injects energy (i.e., λ D = 0 and λ A > 0) into the system. In this manuscript we will consider a case where both λ A > 0 and λ D > 0. This corresponds to a reservoir at finite temperature as will be shown below.
A. Single two-state system
We will first calculate the reduced amplification and dissipation rates and then form the corresponding QJSs. As in the standard Jaynes-Cummings model [9] we can divide the density operator in blocksρ n+1 describing the evolution of the states |g,n + 1 and |e,n (i.e., the ground state with n + 1 photons and the excited state with n photons). The evolution of the density operatorρ n+1 for the case of a single two-state system is obtained from Eq. (1) by setting N s = 1 as
where ρ n+1 ee and ρ n+1 gg (the diagonal elements ofρ n+1 ) are the probabilities of states |e,n and |g,n + 1 , respectively, and ρ n+1 eg and ρ n+1 ge (the off-diagonal elements ofρ n+1 ) describe the interactions of these states. Note thatρ n+1 interacts witĥ ρ n andρ n+2 and that
Next we assume that the two-state system achieves equilibrium with the instantaneous photon distribution. With the equilibrium excited-state and ground-state probabilities, solved from the steady-state equations of motion, we determine the photon creation and annihilation rates. In the steady-state we obtain the off-diagonal elements as
Substitution of Eq. (4) into the two remaining steady-state equations obtained from Eq. (3) gives
Next we change the notation from the elements of density matrix to probabilities and use the fact that the probability of any n photon state is given as a sum of the probabilities of the states |g,n and |e,n . Thus, by substituting ρ
giving
Next in Eq. (9) 
Furthermore, the total approximate ground-state and excited-state probabilities are p g = The dissipative and energy adding terms 2λ D σ −ρtot (t)σ + and 2λ A σ +ρtot (t)σ − in the master equation (1) give, by direct calculation, that the dissipation and amplification rates are 2λ D p e (t) and 2λ A p g (t). Therefore, using the approximate ground-state and excited-state probabilities we obtain the following dissipation and amplification rates
Setting λ A = 0 in Eqs. (11) and (13) reproduces the excitedstate probability and the dissipation rate obtained in Ref. [6] for the dissipative (detector) setup. Similarly, setting λ D = 0 in Eqs. (12) and (14) gives the ground-state probability and the amplification rate obtained in Ref. [6] for the amplifier setup.
The reduced master equation for the field can now be written as
By comparing the rates in Eqs. (13) and (14) with the rates obtained from the reduced Lindblad master equation we can identify the operators in the dissipative term A DÔρÔ † and in the amplifying term A AÔ †ρÔ aŝ
Note that the terms independent of n in the numerators of the rates in Eqs. (13) and (14) cancel in the master equation. The reduced Lindblad master equation (15) no longer includes the two-state system, but the model still captures the average evolution of the field as shown in Fig. 1 , where the numerical solution of the full model is compared with the reduced model. Figure 1 shows that the reduced model accurately gives the expectation value of the number of photons and the photon number distribution. The results in Fig. 1 focus on parameter regime where both type of the reservoir interactions present. By setting λ A = 0 or λ D = 0 we obtain the dissipative or energy adding scheme, respectively, derived in Ref. [6] .
B. Multiple two-state systems
Next we will consider a single mode optical field coupled to a reservoir through multiple two-state systems by setting N s > 1 in Eqs. (1) and (2) . We assume that the two-state systems do not interact with each other directly, but they do interact with the field and with the reservoir. The dipole-dipole interactions between the two-state systems can be neglected by assuming that wave functions of the different two-state systems do not overlap as is done in the standard Dicke model (or Tavis-Cummings model) [10] . The assumption can be made in typical atomic systems since the dipole-dipole interaction is proportional to 1/distance 3 [11] . Furthermore, we have assumed that each two-state system has the same coupling constants λ A , λ D , and γ . Since the two-state systems do not interact directly with each other, the reduced master equation (15) can be generalized for multiple two-state systems by adding separate dissipative and amplifying terms for each of the two-state systems. The terms are equal due to the equal coupling constants. Therefore, the reduced master equation for multiple two-state systems is obtained by scaling the A parameters with N S as
Parameter B is not scaled. In Fig. 2 Fig. 2 ] as we also pointed out in the case of purely amplifying or dissipative setup in Refs. [6, 7] . However, for N s 1 the phases of the two-state systems in real systems are randomly distributed and the Rabi oscillation are expected to be averaged out naturally. Thus we expect that the reduced model is more accurate for cases N S 1 than for case N s = 1. Results of Fig. 3 support this assumption. In Fig. 3 we show comparison of the reduced and full models with N s = 3 and the two-state systems set into varying initial states, which corresponds to the randomly distributed phases of the two-state systems.
III. STEADY-STATE SOLUTIONS OF THE REDUCED MODEL WITH MIRROR LOSSES
To make the model more general, we also include a term describing the mirror losses by adding a jump term Câρâ † to the reduced master equation with C = ω/Q (ω is the frequency and Q is the quality factor of the cavity [12] ) which is linear with respect to the photon number. The reduced master equation for the field can now be written as
Depending on parameters γ , λ D , λ A , and C, equation (21) can be used to model light-emitting diodes and lasers or detector setups as will be shown below. From master equation (21) we can obtain the following differential equation for the probability of having n photons in the field dp n (t)
The steady-state solution (with the detailed balance condition) is
With the approach used in Ref. [6] the steady-state photon number and the second factorial moment are obtained as
Furthermore, Eqs. (24)- (25) give the second-order coherence degree [12, 13] g (2) (t,t) = n(n − 1)(t)/n 2 (t) as 
which corresponds to a thermal field with
), where k B is the Boltzmann constant and T is the temperature. Thus, under these conditions, the setup operates as an LED. If, on the other hand, amplification is greater than losses A A > A D + C and BC A D + C we obtain
which is the Poisson distribution and, therefore, a coherent field is obtained. In this regime the setup operates as a laser.
B. Relation of the reservoir temperature to the coupling parameters
The standard model of a single mode cavity field coupled to a thermal reservoir is governed by the following Lindblad master equation [12] 
where ξ is the coupling andn th is the mean number of photons in the thermal reservoir. The steady-state solution is, of course, a thermal field withn th photons. To compare our model to this result we assume that the cavity mirrors are perfect (C = 0) and that the amplification is smaller than dissipation (A A < A D ). We obtain probabilities
n and, furthermore, the steady-state photon number isn ss = (
which means that adjusting the excitation and deexcitation rates of the two-state system corresponds to setting the temperature of the reservoir.
C. Comparison to semiconductor devices
In semiconductors the absorption and emission rates are given by [14] r abs = W (1 − f e )(1 − f h )n and r em = Wf e f h (n + 1), respectively, where W is a material-dependent constant and f e and f h are the electron and hole occupation probabilities in the conduction and valence bands, respectively. By comparing these rates to the rates given by our reduced model in Eq. (15) we obtain equations 
For laser fields we use Eq. (30) to write B = A A /(Cn) and substitute it into Eqs. (33) and (34) giving
where we have assumed n/n ≈ 1 in the denominators. Parameters A D , A A , and B can now be evaluated as
IV. DETECTOR SCHEME The evolution of a stateρ(t) during an infinitesimal time dt is described by a decomposition of the form
where the two terms describe the possible quantum trajectories of the system during [t,t + dt). In photodetection these trajectories correspond to the events where a photon is either detectedĴρ
or not detected
during [t,t + dt) [6, 7, 15] . Our setup can be considered as an ideal single-photon subtraction (detection) scheme if the amplification is set to zero (λ A = 0) and, furthermore, we assume a nonleaking cavity (C = 0). In this case the one-count operator A DÔρÔ † corresponding to single-photon detection isĴρ
In the limit γ λ Dâρâ † [6, 7] . In contrast, in the limit γ [6, 7] . The first limit coincides with the Srinivas-Davies model [16] describing nonsaturated detectors while the second limit coincides with the model introduced in Ref. [17] describing fully saturated detectors.
V. CONCLUSIONS
We have derived a quantum trajectory based model describing a single-mode optical field in optoelectronic devices. Our model accounts for field-material coupling, the pumping and the losses of the material, and the mirror losses of the cavity. We have shown that the reduced model can be applied not only to fields interacting with a reservoir through a single two-level system but also fields interacting with several twolevel systems or macroscopic systems like semiconductors. As examples of the potential applications of the model, we have applied our model to describe the well-known statistical properties of an optical field coupled to a detector and the statistics of active optical components like LEDs and lasers.
We expect our model to be generally applicable to model the photon statistics of different optical components or setups. In particular our model is applicable to describe recent experiments where the cavity field is produced or analyzed using an atomic beam [2, 18] and we expect that our model provides a quite useful tool for analyzing and designing new experiments.
